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After studying section 3, you should be able to: 

D convert angles between degrees and radians; 

D 

D 

D 

D 

D 

D 

calculate angles with parallel lines cut by a transverse; 

find the angles in a triangle using the total of angles; 

calculate angles and lengths of isosceles and equilateral triangles; 

identify congruency and use it to find angles and lengths; 

use Pythagoras' theorem to find sides of right-triangles; 

use similarity to find lengths and angles of triangles; 

D calculate the area of triangles; 

D identify types of quadrilaterals and explain their properties; 

D calculate area and perimeter of regular quadrilaterals; 

D calculate the length of an arc; 

D calculate the angles in a circle; 

D calculate the length of a chord segment; 

D apply the properties of tangents to determine their lengths and angles; 

D calculate circumference and area of circles; 

D use trigonometric fuctions to find sides in a right-triangle; 

D use inverse trig functions to find angles in right-triangles; 

D use the sine rule to calculate lengths and angles of non-right triangles; 

D use the cosine rule to calculate lengths and angles. 
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.. Geometry 

3.11 Degrees and Radians 

What is an angle? 

Figure 1 shows the circular cross section of drive shaft as it makes one turn 
or revolution. 

(a) (b) p, 
' (c) 

0 
p 

0~ 
p 

(d) (e) 

(? e p 

I p 
p 

• Diagram (a) shows the initial position of point P on the circumference. 

• Diagram (b) shows the position of P after the shaft has turned .l revolution. 
4 

•Diagram (c) shows the position of P after the shaft has turned 1. revolution. 
2 

• Diagram (d) shows the position of P after the shaft has turned } revolution. 

• Diagram (e) shows the position of P after the shaft has turned ! revolution. 

• Diagram (fJ shows the position of P after the shaft has turned 1 revolution. 

You can see that any amount of turn can be expressed as a fraction of one 
revolution. To make it easier to measure a fraction of a revolution we 

divide one revolution into 360 parts called degrees. So one degree is ...1... of a 
3(,() 

revolution. 

The measure of turn is called an angle and the basic unit of measurement is 
called the degree. The symbol for a degree is a small raised circle so: 

.l of a turn = .l x 360° 
4 4 

= 90' 

So diagram (b), above, shows a 90° angle of rotation. What angles of 
rotation are shown in the other diagrams of the rotating shaft? 

Figure 1 
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Some special angles 

To confirm your answers to the last question, the diagram of the rotating 
shaft is shown here with the angles of rotation shown in degrees: 

(a) 

p a __ _..._ 

Acute angles 

(b) 

(e) 

p (c) 

p 

Figure2 

p 

If the angle is less than 90° it is called acute (sharp). Some examples of acute 
angles are shdwn in figure 3. 

~ Figure 3 

A right-angle 
If the angle is exactly 90° it is called a right-angle. A right-angle is often 
shown as a box as shown in figure 4. 

~ L Figure 4 

A obtuse angle 
If the angle is greater than 90' but less than 180' it is called obtuse (blunt). 
Some examples of obtuse angles are shown in figure 5. 

146' 
Figure 5 
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A straight angle 
If the angle is exactly180° it is called straight. 

A reflex angle 
If the angle is greater than 180° but less than 360° it is called a reflex angle. 
Some examples of reflex angles are shown in figure 6. 

23Cf::;.----'--
34Cf 

A revolution 

If the angle is exactly 36()° it is called a revol.ution . 

360° 

Complementary angles 
If two or more angles form a right-angle, (sum to 90°), they are called 
complementary angles. Figure 7 shows (i) that angles A and B are 

complementary; (ii) the complement of 53° is 37° 

Supplementary angles 

I -
~ 

Figure 6 

Figure 7 

If two or more angles form a straight angle, (sum to 180°), they are called 
supplementary angles. Figure 8 shows (i) that angles C and D are 

supplementary; (ii) the supplement of 105° is 75° 

Figure 8 
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Vertically opposite angles 

The angles made by two intersecting straight lines are called vertically 
opposite. Vertically opposite angles are equal 

Minutes and Seconds 

~~ 
~ 

To enable greater accuracy when measuring angles, each degree of rotation 
is divided into 60 units called minutes. The symbol for the·minute is a·single 

raised dash, so f = 60' . 

Also, each minute is divided into 60 units called seconds. The symbol for the 
second is a double dash, so r = 60" . 

Using the calculator 
. 10, ") 

Angles can be entered into your calculator using the 1.<ey. For 

example, to ey.ter the angle 34° 26' 45", enter the sequence: 

34 E:3 26 10, ") 45 10, ") 

Note that on some calculators the angle key is I DMS I. 

Activity 3.11 

1. Complete each of the following statements: 

(a) A right-angle measures ................ degrees. 

(b) An angle measuring 18()° is called .......................... . 

(c) Complementary angles sum to ................ degrees. 

( d) The supplement of 50° is ....... : ....... degrees. 

( e) An angle between (f and 90° is called .................... . 

(f) A reflex angle is greater than .................. degrees. 

3-8 
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Geometry .. 
2 Find the value of x in each diagram: 

(a) (b) 

(c) (d) 

3. Use your calculator to find: 

(a) 34° 40' + 126" 36' = .......................... . 

(b) 125" 10' 27" - 49° 36' 45" = .......................... . 

(c) The supplement of 37° 8' 57" = .......................... . 

( d) The complement of 23° 48' 17" = .......................... . 

4. Find the value of e in each diagram: 

(a) 

~ g> 

(b) 

8 . 

(c) (d) 

k 
(e) 

® 
3-9 



( .::, 
... 

Geome)ry .. 
Radians 

Another unit for measuring an angle is called a radian. A radian is the angle @ 
subtended at the centre of a circle by an arc whose length is the same as the 

3-10 

radius. This is illustrated in figure 9. 
---A 

T 
T 

AOB-lradian 
0 T B 

If you measure AOB with a protractor you will find that 1 radian is 

approximately 57". 

· Converting between degrees and radians 

Figure 9 

The circumference of a circle is given by the formula C = 2.R:r where r is the 
circle's radius. As you can see from figure 9, the number of radians in one 
revolution is equal to the number of arcs of length r that fit into the 

,... 
circumference. Now recalling that one revolution is 36(}°, we have:. 

360" = 2n radians 

and 180° = :n; radians 

As :n; is approximately 3.14 you can see that 18Cf is about 3 radians, but for 
more accurate conversions between degrees and radians consider the 
following table: 

To convert degrees to radians To convert radians to degrees 

180' = :n: radians :n; rad = 180 degrees 

(~:r :n; :n; 180 
=- radians -rad= - degrees I 180 :n; :n; 

:n; 180 
degrees 

f=- radians lrad = -

180 :n; 

180 
degrees Rrad=Rx-

:n; 

d 0 = dx.!:._ radians 
180 . 

A 
V 
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_.· Example 1: • 

• To convert degrees into radians multiply by __::... 
180 

• To convert radians into degrees multiply by 
180 

:n; 

· &iiution: • · . ···;·. . .. ·• .. 
... - .-:• 

c:oriveri: .6{f :tor~dians} :t, . :60'::~ 6()x :n; . 
. . 180 

:n; ,,c.~~ . ·. · - -.-r ........ ns" · ,. 
3 .... . 

Notice how the solution to example 1 was left in terms of :n; • This is common 
practice if the angle in degrees is a factor of 180 because it gives kn 
exact value. This is not always the case as shown in the next example: 

~:e1e2:.,·· 

i>i:iciitvert ·1-16'·1:or.i.~' ··.146°=146x 1~:••···· .. _· 
= 25,l8 {4E.E) 

Notice in example 2 no units were written. This again is a common practice. 

The angle 2.5 implies units of radians, but an angle of 2.S' must contam the 
degree symbol. .J 

[You may find some texts use the symbol c to represent radians]. 

,ExainpJ.e3: , . Soiution: 

-66~,.;krl is.r~~ fu 'a.~giees · ••..•• :i25= 2.Sx 1SO:. 
. ·:n;. 

··=·143•' (ion~~d~) 

The solution to example 3 was written to the nearest degree. If you need 

greater accuracy, use the IO
' '' j key to convert the result into degrees, 

minutes and seconds. 

Try this on your calculator and confirm the result 143° 14' '22:' 

Example4:. Solution: 

.· . 3n' . . . . . 
Convert 2 radians to degrees . 

· 3n' 3:n; . 180 
-=-X-
·2 2 :n: 

= 270° 

3-11 
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Activity 3.11 (continued) 

5. Complete the following: 

(a) To convert degrees to radians multiply by ................. . 

(b) To convert radians to degrees multiply by ................ . 

( c) One radian is about ................. degrees. 

6. Complete the following table, leaving the radian column in terms of .n;: 

Degrees Radians 

0 

30 

45 

60 

90 

120 

180 

270 

300 

360 

( ···." :·, 540 

7. Convert each of the following to degrees, minutes and seconds: 

( a) 3 radians = .......................... . 

(b) 1.65 radians = .......................... . 

(c) 0.567 n radians= .......................... . 

3-12 
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3.12 Parallel lines 
0 

Figure 10 shows a pair of F 

parallel lines AB and CD . ·A p B 

The line EF that cuts across the 
parallel lines is called a 
transversal. 

C D 
The transversal intersects the 
parallel lines at points P and Q. 

Notice there are eight angles in E 
the diagram, four at P and four figure 10 
atQ. 

[·: 

t~ 
Corresponding angles 

Figure 11 shows a pair of equal F 

angles FFB and FQD. These A B 
angles are called corresponding 
angles. 

Other pairs of corresponding 
C D angles in this diagram are: 

• Al'F and CQF 

• Al'E and CQE 
E 

Can you name a fourth pair of figur~ 11 

' 
corresponding angles? 

Corresponding angles are equal 

3-13 
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Alternate angles 

Figure 12 shows a pair of equal 
angles APE and DQF. These 
angles are called alternate 
angles. 

The only other pair of alternate 
angles in this diagram is: 

• BPE and CQF 

Mark these alternate angles on 
figure 12. 

E 

I Alternate angles are equal 

Cointerior angles 

Figure 13 shows a pair of angles 
BPE and DQF. Tnese angles 
are called cointerior angles. 

Notice APE and BPE form a 

straight line so sum to 180°. 

Also APE = DQF (Alternate) 

This . 1" tr =pnes .at: 

BPE + DQF = 180° 

E 

figure 12 

I 

fig:.:re 13 

Cointerior angles sum to 18o". They are called supplementary. 
The only other pair of cointerior angles in figure 13 is A.FE and CQF. 

Mark these cointerior angles on figure 13. 

Cointerior angles are supplementary 

@ . . 
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The advantage of knowing that certain pairs of angles are equal and certam pairs 
are supplementary is that you are able to calculate unknown angles with limited 
information. This is illustrated in example 5. · 

Sometimes you need more than one step to find the solution. This is 
illustrated in example 6. 

Solution:·•··.· 

EPB,==P,4\(co:7!spimdiifiifJ~s,) 
. APE ;;;,1f 4°{Vertically q,l~gles) 

.· .. a= 124°: · · 

3-15 
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1. In each of the following diagrams find the value of the {t. 

(a) (b) 

(c) (d) 

,.. 
{t 

43° 

2 

(a) (b) 

a 

(· 

(c) (d) 

a 

3-16 
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3.21 Angles in a Triangle 

Labelling convention 

Triangles come in many different shapes and sizes, but when labelling any 
diagram of a triangle you need to follow the convention which is 
illustrated in figure 14. 

The variables representing the 
size of the angles or vertices are 
always given capital letters. 

The variables representing the 
lengths of the sides are given 
small case letters. 

The variable for any given side 
is opposite an angle with a 
corresponding letter. 

As you can see in figure 14, angle 
C is opposite side c, side r is 
opposite angle R and so on. 

Interior Angle Sum 

A 
b C 

p 

figure 14 

·< 

While triangles are different in shape, they do have one important common 

feature - the sum of the three angles of any triangle is 180°. One proof of 
this feature is shown here for your interest. 

The upper triangle shows a 
triangle ABC with a straight line, 
parallel to the side AC, drawn 
through vertex B. 
This line creates the three angles, 
a,/3 and B and we know the sum 

of these angles is 180° because 
they form a straight line. (See 3.11) 

The lower triangle shows: . 
PBA = BAC (Alternate angles) 

QBC = ACB (Alternate angles) 

So the same angles a,{3 and B 
which form a straight line and sum 

to 180°, are also the interior angles 
of the triangle. 

A 

This proves that the sum of the three interior angles of any triangle is 180°. 

C 

3-17 
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,Find x. :in this triangle:' 

( 

· Example 9: . 

. Find value of x 

y 

X 

z 

3-18 
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~+h+ci1so~•:, · 

·-'~f.!trt:s-~:;·,_·. 
:,;;, · <'·,,x.;=?1ro, .. ?n9 

.:.: ;-. 

· Solrttiori:,' 

X+Y+Z=.180 

. sir +X+ ~ ~ 1so~ 
·'58~ +2x 1so·, 

-:_.:· :~_-;, ,, , 

,: ~;-

2x ,;,· iso" "- ss· 
22· 

x=· 



Geometry 

1. In each of the following diagrams find the value of the pronumeral. 

(a) (b) 

6f 

(c) (d) 

2 In triangle ABC, A= 45.6" and B = 119.2°. Find C to the nearest minute. 

3. In triangle RST; .R = 32° and the exterior angle at Tis 85'. Find the 
interior angles S and t 

s 

R 
32° 

T 

What do you notice about the sum of Rand 5. 

3-19 
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3.22 Isosceles and Equilateral Triangles 

Isosceles Triangles 

3-20 

An if/osceles triangle is one in 
which two sides are equal in 
length. 

Some isosceles triangles are 
shown in figure 15. Notice that 
in each triangle the two angles 
that lie opposite the two equal 
sides are also equal 

Equilateral Triangles 

An equilateral triangle is one in 
which all three sides are equal 
in length. 

Some equilateral triangles are 
shown in figure 16. Notice that 
in each equilateral triangle the 
angles are equal. 

Since the sum of the angles in 

any triangle is 180°, each angle 
in an equilateral triangle is 60°. 

figure 15 

figure 16 

You can use these facts about isosceles and equilateral triangles to solve 
diagrams for unknown angles as illustrated in the following examples 

Example 10: . 

Find x and .y . 

Splution: 

· x+y+30° = 180° 

x+y = 150° 

· 1so 
.x=y ~- 2:,· 

. X= yd.75° . 

CD 

@ 

@ . 
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1. In each of the following diagrams find the value of the ff. 

2 

(a) (b) 

(c) (d) 
128° 

(a) In triangle ABC, AB =BC andA.BC=75°. Find BACand ACB. 

(b) In triangle PQR, PQ = PR and PRQ = 56°. Find PQR and RFQ. 
( c) In triangle XYZ, XY is perpendicular to XZ, and XY = XZ. 

Find XY'Z and YlX. 

Geometry 

• "' 0 " 0 "' 

(d) In triangle DEF, DE= 3cm, DEF= 60, EDF= 60 . Find f:FD andDF. 

3-21 
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3. Find the pronumerals: 

(a) 

3-22 

(b) \ 
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3.23 Congruent Triangles 

Triangles are congruent if they are identical. This means that each of the 
three sides of one triangle correspond to a side of the second triangle. As a 
consequence, eacn of the angles also correspond as illustrated in figure 17. 

Use a protractor and ruler to complete the following data: and confirm that 
triangles A and B are congruent. 

j, = Z= R 

Q = .......... y = 

R. X= 
p 

= 

PR= XZ= 

PQ = ········ YZ= 
X 

QR= ........ XY= Figure 17 

We can write: 
ti. PQR = ti.2YX 

Note: • read the three horizontal lines as 'is congruent to' 
• the order of the angles is important. The first angle listed from the 

first triangle must be the same size as the first angle listed from the 
second triangle, and so on. (For example ti. PQR = ti.XYZ is 
incorrect because angle P does not match angle X) 

Proving two triangles are congruent 
Consider triangle ABC in which A= 3Cf, B = 6Cf, C = 90° and triangle DEF in 

which D = 30°, E = 6rf, F = 90°. As figure 18 shows, while these triangles are 
equilangular they are not necessarily congruent: 

Figure 18 

This illustrates that angles alone are insufficient to prove congruency. We 
must have information about at least one of the sides. 

3-23 
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The following table shows the four cases for congruency. You can use any 
one of them, depending upon the data provided, to prove triangles are, or 
are not congruent 

The four cases for congruency 

Casel: sss Each side of one A 

triangle is identical to 

.Li 
D 

each side of a second G, triangle. 

11ABC = /'JJ'EF 

Case2:ASA Two angles of one 

Kl.IL triangle and the side N\•~ between them 
correspond to the 
same data in the . 
second triangle. 

,. 
11 JKL = 11 MNO 

Case3:SAS One angle and the 

,Ljy sides containing this Vvw angle correspond to 
the same data in the 
second triangle. 

u 
11RST = 11 UVW 

Case 4: RHS Both triangles are 

.Ll zvy right-angled, the 
hypotenuses are 
equal and so is one 
other side in each 
triangle. X 

11ABC= 11XYZ 

The following examples show how to use these cases to prove that triangles 
are congruent. 

Di l,G,;; 

C"ir 
~ 
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· AB,;; 'AC (d~t4 ; 

·.····~j~;;.7~n=~t~~~~:~.· .... ·.·•··· 
..• Soi.ABM= A.AC,Mi(~SSS)andi .. 

·. •-• cAM =: R,tiF (Correspondinii angles) :a; 
.... ·, . .. . . .• .•. : . . . .. . 

. . = :35'. 

1. Which of the four congruency cases proves each of the follow:ing pairs of 
triangles are congruent? 

(d) 

3-25 
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2. (a) In 6-ABC, A= 60', C= 20' and AC= San. In 6-XYZ, XY = !rm, 

Z = 100' and Y = 20'. Are the two triangles congruent? 

(b) In 6-PQR, I'= 40°, PQ= 500mm and PR= 600nun. In 6-DEF, 

DF = 600mm, EF = 500mm and D = 40". Are the two triangles 
congruent? 

3. Which two of these triangles are definitely congruent? 

(a) (b) 

(c) (d) 

10 

4~ 
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3.24 Pythagoras' Theorem 

Of the many thousands of 
theorems that have been 
developed by mathematicians, 
.Pythagoras's theorem is, probably, 
the one that is most well known or 
remembered. And while it is over 
200_0 years old, it still has practical 
significance and uses today. 

There are more than 100 proofs of 
this theorem which gives us a very 
useful relationship between the 
sides of a right-angled triangle. 

The proof given here uses both 
geometry and algebra. 

A Proof of Pythagoras' Theorem 

Figure 19 shows two squares which are the same size. 

a 

a+b 

b 

a+b 

figure 19 

Because the two squares are identical, they.have the same dimensions and 
area. So: 

Area of left square = Area of right square 

Area of {4 triangles+ small square}= Area of right square 

4(iab)+c2 = (a+b)2 

2ab + c2 = a2 + 2ab + b2 

c2 = a2 +b2 

3-27 
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3-28 

It is the final line of this proof that you 
need to remember. 

Note how the pronumerals relate to the 
sides of the right-angled triangles in 
figure 19. 

Side cis the longest side (hypotenuse). 

b 

a 

Some students find it easier to remember this theorem by saying: 

The square on the hypotenuse equals the 
sum of the squares on the other two sides 

The advantage of Pythagoras' Theorem is that it enables you to calculate one 
side of a right-angled triangle if you know the other two. 

There are two techniques you need to be able to apply: ,.. 

• calculating the hypotenuse - example 14 
• calculating one of the shorter sides - example 15. 

Applying the theorem to calculate the hypotenuse. 

Example 14: .· .· 

Find :r in this triangle: · · 

·. 5.8 

.. Solution: 

· · ·2 ;; a2 +1:l-
. . . i'1 ~ •5:82 +4:52 

·2 ... 

X. =;' 53:89 .··• ... 
x -= .J53,s9 • , 

X,,; 7.3 . (2SI:) .·.· . 

~I 

""'' 
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Applying the theorem to calculate a shorter side. 

Note the slight difference in technique required to find a shorter side. Th.is is 
illustrated in example 15. · 

/Example15: ·· .. 

.. . • F~d x .in tlilitriaftgl~: ·. 

· · i- x:;;~.;~11':\ :: · 

1. In each of the follow:ing diagrams find the value_.of the pronumeral 
correct to 3 significant figures: 

(a) (b) 

t 

3 

(c) (d) 0.723 

0.952 

2 In triangle ABC, BC= 10.4m, AC= 2.lm andACB = 9rf. Find AB. 

3. In triangle PQR, QR= 350mm, PQ = 420mm andP.RQ = 90°. Find PR. 

. :. \ 
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4. Calculate the length of the diagonal of this rectangle. 

2.28cm 

531cm 

5. The diagram shows a cuboid whose dimensions are 2.5n x 1.3mx O.S6m . 
What is the length of the cuboids longest diagonal? 

6. The vector diagram shows the resultant force R of two perpendicular 
forces .F1 and F2. 

(i) Find the resultant if F1 = 3.1N and F2 = 2.6N. 
(ii) Find F1 if F2 = 26N and R = 45N. 

7. In the diagram the impedance of a circuit is represented by Z, the 
resistance is R, and the inductive reactance is Xi 

(i) Find Zif R = 8Q and Xi = lOQ 

(ii) If Z = lOOOQ and Xi = 600Q, find the resisitance 

() 

A 
V 

A, 
V 
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3.25 Similar Triangles 

Triangles are similar if the angles in one are the same as the angles in tl-,e 
.other. Figure 20 shows two similar triangles A and B. Triangle B 'looks like' 
triangle A because it has the same appearance or shape as A but it has been 
enlarged. Conversely triangle A is a reduction in the size of triangle B. 

Use a protractor and ruler to complete the following data: 

p = ·········· R 

Q = .......... y = 

R = ......... . z 

PQ= ........ XY= 

QR= ........ YZ= 

PR= XZ= 
figure 20 

Your data should confirm that the angles in triangle A are identical to the 
angles in triangle B. We can say that triangle PQR is similar to triangle XYZ. 

Another way of writing this expression is: 

A PQR III l.0(YZ 

Note: • read the three vertical lines as 'is similar to' 
• the order of the vertices is important ( for example LI.RPQ Ill /iXYZ 

is incorrect because vertex R does not match vertex X) 

In addition to the fact that similar triangles have equal sized angles, another 
useful property relates to the lengths of the sides. You can investigate this 
property by using the data obtained from figure 20 to complete the following 
ratios: 

XY yz XZ, 

PQ=-= ........ . -=--= 
QR 

-=--= 
PR 

These calculations confirm that the corresponding sides of similar triangles 
are in the same ratio. 

If you can show that two triangles are similar, either by showing their 
angles are identical or their side are in the same ratio, you can often 
determine further data. This is illustrated in the following examples. 
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1. Complete each of the following statements: 

(a) If two triangles are similar, their sides are ...................................... . 

(b) If A PQR m tiXYZ then R = .......... and PR = ........... . 

(c) If AABC III AFHK then.A= and Bl(= ........... . 

2. Find the value of x n these diagrams: 

(a) (b) 2m (c) 

3.4m · 

(d) (f) 

Geometry 
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3.26 Area 

The area of a right-angled triangle 

Any right-angled triangle can 
be placed inside a rectangle. 
Figure 21 shows the base length 
and perpendicular height of the 
triangle PQR match the 
dimensions of the rectangle. 

p b 
Figure 21 

The area of the triangle is half the area of the rectangle, so the formula to use 

when finding the area of a right-angled triangle is: 

A= l!Jxh 
2 

Example 18 shows how to use this formula. Note that it does not matter 
which of the perpendicular dimensions you use for the base and the 
height. Also, note how the units of the solution are expressed in square 
centimetres. · 

· 'i~p1e,1s:t . · .. · .. ·!·,'.<),<'~l~~Ol'.1::'.:\J'i?f 'T?:.•.·" . 

3-34 

Find· ,:the area of tlris manglei .. 

:3-~~. 

· A=·l!Jxh - ,;·.,: ,>. 
,.2 ' ,, . 

. ,.;}~3.4xt7-')' • · 
, = 7.99 

In example 19 only one of the perpendicular sides is known. So first 
Pythagoras' Theorem is used to find this side: 

Example 19: - . 

. Find the area ~t this triangle: 

X. 

solution:,··· 

c2 = a2 +Ti2- . 
72 = x2+42· 

·· :x2 ,;;. 33· 

.x"" 5.7 · 

. . 1 ··' ... 
. A= -bxh .· . 2·: .... 

. =1.;4x57 

. .2 ·•·. ..• 

= 11.4'' .·· 

·. . . . . .:· 2 : 
.The area is 11.4m 

£>% w 
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The area of non right-angled triangles 

Figure 22 shows how you can make 
any triangle ABC into two right
angled triangles by dropping a 
perpendicular from B onto the 
base AC. 

The length of this perpendicular, h, 
is called the altitude of the 
triangle. 

The area of triangle ABC is the 
sum of the areas of the two right
angled triangles so: 

A= .lxh+.lyh 
2 2 

= 1h(x+y) 

= .lbh 
2 

Figure 22 

You can see this formula is the same as the one used for finding the area 
of right-angled triangles with the exception that the dimension his nowJhe 
altitude of the triangle. 

'.'.§niP.+~:?O\i:i i:<.: .' 
.·~-··· .. 

'Firid :.th~ area: of ±his :triari~~: :> · .. ·: ·· . i{:i~h/, .. ·.·· 
.. ' •' ·.· .• l . . .. · 

· · ;; -:x480x3.50: .....•• '.2 .• ' . . 
.··:<;a.S-4000 

Hero's Formula 

As you can see, one ofthe problems with this last me.thod is that you need to 
know, or be able to measure, the altitude of the triangle. This is not always 
possible. Hero's formula provides a method for finding the area of any 
triangle where the lengths of all three sides are known. The formula is: 

A =Js(s-a) (s-b)(s-c) 

where the sides are a, b and c and s is half the perimeter of the triangle. 

[N a+b+c] ote: s=---
2 
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, Fu;id,:,~ ar,ea of.this triangle: C .. <1r;i1:~;:;;;,;~v ..... . 
: .:',IY~~,~~~i~l;~/ 

:}),:~~~,~'i¥~:f ~:~1h:fifE;/, 

1. Find, correct to 3 significant figures, the areas of these triangles: 

2. 

(a) 3.5cm (b) 

4.9cm 

(c) (d) 
38m 

(a) In triangle ABC, AB= BC= 450mm and AC= 760mm. 
Find the area of the triangle to the nearest square centimetre. 

(b) A yacht's mainsail is in the shape of a right-angled triangle with a 
base of 4.2 metres and an altitude of 10.5 metres. Find the area of the 
sail correct to the nearest square metre. 

A 
\:.)} 

C,;:!, 
V 

~ 
U' 
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3.31 Types of Quadrilaterals 

A quadrilateral is a four-sided polygon. The most common of these two
dimensional shapes is the square and rectangle, but there are several other 
quadrilaterals that we shall study here, with a view to learning properties 
regarding their sides, diagonals and angles. 

The Square 

Sides Equal in length 

Angles Each angle is 9(1' 

Diagonals Equal, perpendicular and 
bisect each other 

The Rectangle 

Sides 

Angles 

Opposite sides equal & parallel 

Each angle is 90° 

Diagonals Equal and bisect each other 

The Parallelogram 
Sides Opposite sides equal & 

parallel 

Angles Opposite angles equal 

Diagonals Bisect each other 

The Rhombus 

Sides 

Angles 

All sides equal 
Opposite sides parallel 

Opposite angles equal 

Diagonals Bisect each other at 9C1' 

3-37 
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The Trapezium 

Sides One pair of opposite sides 
parallel 

1. Complete each of the following statements: 

( a) The opposite sides of a rectangle are ............... and ..................... . 

(b) The diagonals of a ................... bisect at 9Ci and are equal in length. 

(c) If a q~adrilateral has four equal sides it is a ................... or a ................. . 

( d) The quadrilateral with one pair of parallel sides is a ............................ . 

( e) If the diagonals of a quadrilateral bisect each other but are not 
perpendicular, the quadrilateral is a .............................. . 

2. Find the value of x or the angle8 in these diagrams: 

(a) 
(b)~ 

(c) 

(d) (e) (f) X 

cg, 
2.4 

1.8~ • 102 

C. 
. ' 

~I 
V 

0 

£;!, 
V 
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3.32 Areas & Perimeters of Quadrilaterals 

The area of a quadrilateral is the amount of 2 climensional space it occupies 

· and is measured in square units such as square metres{m2
) or square 

centimetres (cm2
) etc. 

The perimeter of a quadrilateral is the total length of its four sides. 

The method used to find the area and perimeter of a quadrilateral depends 
upon the type of quadrilateral · 

The Square 

Area 2 A=s 

Perimeter P = 4s 

The Rectangle 

Area A= lxb 

Perimeter P = 2( Z + b) 

The Parallelogram 

Area A= l xh 

Perimeter A= 2(z+ s) 

The Rhombus 

Area 

Perimeter P = 4s 

s 

s 

s 

b 

l 

h 

l 

D = lcmgest diagonal 

d = shortest diagonal 
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-~xainple'A: ·· .. ··. 
:FiJJd:.ih~·ar~a;illl,{~~;p(tli#· :,,},!,::=:'l,'.?3:h,,~i;;··,. :.: ,/ .. 

· .•. :::~i:}J\?';L C:· . . paiallel<:>gram: 
.. .:.-,, . 

. -.510 , .. ·.·, · 

]1ieiiii;:5irinr; · 

1. Complete each of the following statements: 

(a) The area of a parallelogram is given by the formula ................... . 

(b) The perimeter of a rhombus is given by the formula .................. . 

(c) If a quarilateral has an area given by A= s2 and a perimeter 
given by P = 4s, the quadrilateral is a .......................... . 

2. Find the area and perimeter of the following: 

,,::o 
5 780mm 

(c) (d) (e) 
600mm 

Cs] [§;] 

0 . 

(31 . 

~J 
~ 
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0 3.33 Angles in a Circle 

This section studies the properties of angles found in diagrams that contain a 
circle. Follow the instructions provided and draw your own diagrams. 
Make the diagrams a reasonable size because you will need to measure some 
angles in each diagram using a protractor. [In each circle, 0 is the centre]. 

1. The angle in a semi-circle 

Draw a circle with any radius and 
then mark a diameter AB. 

Mark a point P anywhere on the 
circumference of the circle and join 
this point to both A and B. 

Notice that the triangle lies in a semi
circle and the angle at Pis a right
artgle. 

The angle in a semi-circle is a right-angle 

2. The angle at the centre 

Draw a circle with any radius and then 
mark an arc AB. 

Mark a point P anywhere on the major 
arc of the circle and join this point to 
bothAandB. 

Join A and B to the centre 0. 

Measure the angle at the centre AOB 
and the angle at the circumference APB. 

Notice AOB = 2AI'B. 

A 

The angle subtended by an arc at the 
centre is double the angle subtended by 

the same arc at the circumference. 

p 
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3. Angles at the circumference 

Draw a circle with any sized radius. 

Mark an arc AB. 

Mark a point P on the circumference 
and construct the angle APB. 

Mark another point Q on the 
circumference and draw the angle AQB. 

Measure angles APB and AQB. 

Notice APB = AQB 

Angles subtended by the same arc at the 
circumference are equal 

,.. 
4.The angle between tangent and chord 

Draw a circle of any sized radius. 

Mark any point Pon the circumference 
and draw a tangent to the circle TS 
throughP. 

Mark a point A on the circumference 
and draw the chord PA so the circle is 
divided into two segments. 

Mark another point B on the 
circumference and draw the angle A.BP. 

Measure APT and A.BP. 

Notice APT = A.BP 

T 

The angle between a tangent and a chord 
is equal to the angle in the opposite 

segment 

~ ~· 
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5. The angle between a radius and tangent 

Draw a circle and anywhere on the 
circumference mark a point P. 

Draw a tangent to the circle at P. 

Join P to the centre to form the 
radius OP. 

Measure the angle between the 
tangent and the radius. 

Notice the angle is 9Cf. 

0 

The angle between a tangent and the 

radius is 90° 

6. The. angles in a cyclic quadrilateral 

Any quadrilateral in which the vertices touch the circumference of a circle 
is called cyclic. 

Draw a any cyclic quadrilateral ABCD, 

Measure each angle; A, B, C and D. 

Notice: A.+C = 180° and B+D = 180° 

The opposite angles in a cyclic 
quadrilateral are supplementary. 

C 

The conclusions in each box above are called theorems. They are rules of 
geometry that can be used to find further information about diagrams that contain 
angles in circles. The following examples illustrate this point. 
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1. In each of the following diagrams find the value of the pronumerals. 

(b) 

(d) 

• 

(e) (f) 

0 

2. Complete 

( a) Opposite angles in a cyclic quadrilateral ................ : ................................. . 

(b) The angles subtended by an arc at the circumference ............................. . 

(c) The angle between a tangent and chord .................................................... . 
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3. Find the pronumerals: 

(a) 

0 

(e) 

(' 
0 

\ 

3-46 

(b) 

(d) 

n w 
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3.34 The length of a chord 

What is a chord 

A chord is a straight line that 
cuts a circle in two points. 

Figure 23 shows the chord AB. 
Note how it divides the circle 
into minor and major segments. 

A 

If the chord passes through the 
centre O it is the special chord 
called the diameter. 

Calculating the length of a chord 

' 

Figure 23 

The method to use for finding the length of a chord will depend upon the 
information you are given. 

Methodl 

In the circle shown in figure 24 
the circle has a radius, OB, of 
3 cm and the chord is 1.4 cm 
from the circle's centre. 

You can find BP usmg 
Pythagoras' Theorem in t..OPB. 
(This technique was studied in 

section 3.24). 

OB2 = OP2 + BP2 

32 = 1.42 + BP2 

BP2 = 32 -1.42 

BP = 2.65 (3 Sf) 

B 

A 

Figure24 

Now since triangles OPB and OPA are congruent, AP= BP, and: 

AB= 2x 265 

= 5.3cm 
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Method 2 (Chord Segments) 

This method is an application of 
the work studied in section 3.25 
on similar triangles. It involves 
the intersection of two chords as 
shown in figure 25. 

A 

Join AC and join BD, then show 
that triangles APC and DPB are 
similar. Figure25 

[Hint ABD = ACD because the arc AD subtends equal angles at the circumference]. 

Now since triangles APC and DPB are similar, their corresponding sides are 
in the same ratio. So: 

CP AP -=-
BP DP 

and CP xDP- BP xAP 

Note how this formula relates to figure 25. It can be used to find unknown 
lengths of intersecting chords as illustrated in example 25. 

,.. 

•Examplf25:/it\, .•... :, •. · ...... . 

. ·.··•· 'Fin.cl ;;i . 
.· .-~t;t~ti.?1~')&:;·_:./·· . 

.. ·. ·· six428,;;;.i.,::s,fr. 

/~:if:saf.;_s ' 
··. '.'';;;·2.7 fl SF)< 

. ·.· :• .. · .... 

n w 
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1. In each diagram, find the value of x correct to 3 significant figures. 

(a) (b) 

2cm 5cm 

0 

(c) (d) 

510mm 

800mm 

2. In each of the following diagrams find the value-0£ d 

(a) (b) 

2.5m 

• 0 

(c) 

d 

20m 
32m 

10 • 0 
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3.35 Tangents 

What is a tangent? 

A tangent to a circle is a straight 
line that touches the circle in 
just one point. 

Figure 26 shows a tangent to the 
circle, centre 0, at the point P. 

Properties of tangents 

0 • 

Figure 26 

There are several properties of tangents that are worth remembering. 

3-50 

Propertyl 

The angle be~een the tangent 

and radius is 9o" . 

This property was also used in 
section 3.33. 

Property 2 

If two tangents are drawn from 
a common point outside the 
circle, the tangents are equal in 
length. 

In figure 28, P1 and P2 are the 
points of contact between the 
circle and the tangents P P1 and 

P P2. Note that P P1 = P P2 • 

0 

Figure 27 

0 • 

Figure 28 

p 

A1 \i:> 

~ 
~ 
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~ 

r- . , 
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Property3 

If a straight line is drawn so it is 
a 1;utgent to two circles, as 
shown in figu.re 29, the radii are 
parallel and: 

[What property of parallel lines 
enables you to prove this? See 
section 3.12]. 

Property4 

Figu.re 30 shows an indirect 
tangent passing between two 
circles. the property is the same 
as for property 3. 

[What property of parallel lines 
enables you to prove this? See 
section 3.12]. 

Geometry 

Figu.re 29 

Figu.re 30 

You can use these properties of tangents to find further information about 
certain diagrams as illustrated in example 26. 

Example 26: . 

F.ind X 

63cm 

A 

Solution: 

.. ·· .... First note that. OPA =>9li: by •.. · 
· · . property 1,: So in the:righ~~angled . 

-triarigleOPA: · . . ...... ·• .. ·. 

:i' . 2 .. 2: 
-OA. =-OP +AP ..... 

x2 •;;,· s;if -i: 6.32 ·• ·· 

X = Ji3.33 

x = 8;6 (2S1') .• 

· :x = s:6cm .(2SF) . 
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1. In each of the following diagrams find the value of x. 

(a) (b) 

0 

(c) 

~ 
12.&m 

~ 

2 A belt passes around two circular wheels as shown in the diagram. The 
wheels have radii of S=i and 12 = and the centres are 30 = apart. 
Calculate the length of the belt between points A and B 

A 

B 

• • 

0, 
\e) 

~ 
\;DI 
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3.36 Circumference and Area 

Circumference of a circle 

Figure 31 shows that if a circle rolls through one revolution its centre 
advances a horizontal distance equivalent to about three diameters. Tiris 
means the circumference of the circle is about three times the diameter . 

. ) 

14------ 1 revolution -----.-1 
Figure 31 

A more accurate measure of the circumference is given by the formula: 

C = :n: d ( drcumference = pi x diameter) 

The Greek letter pi, (:n:), is a constant whose value is about 3.14. You can 

apply this constant on your calculator by pressing the 0 key. 

Remember, the diameter of a circle is twice its radius. 
is also given by the formula: 

=11 c~==m II 

'·,/:':·_e3· ··-:_.:·-.:· . 
. . . . 1 .. . .. ' ,. 

. . . . . ... 

. . . . .:· ._: . 

So the circumference 
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Area of a circle 

Figure 32 shows it is possible to rearrange the sectors of a circle into the 
shape of a rectangle. 

.le ------•~ 
2 

Figure32 

The area of the rectangle is given by A = Ix b, so: 

A= lcxr 
2 

A= lxmxr 
2 

A= :n;r2 

It is worthwhile remembering this formula for the .area of a circle 

2 A= :,rr 

E,cam le 29· . .. . ··. P .. ··· .. . SoJ:iitiori: • ·. 

Ffudt4earea of a Circle wh~ ~adi~ is.··· 
,.5-8.cm. 

··.·~.· u 

.... ; : . 

. A= ;;n;t2 . 

' : <;~,-:5,8{··· •. 
· ··' · •= 106 (~~F,) 

• 

@1 
\:;;., 
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1. Find, correct to three significant figures, the area and circumference of 
each of the following circles: 

(a) (b) 

~ 3.06m 

(c) (d) 

0.6 
0mm 

2 Find, correct to three significant figures, the area and perimeter of 
each of the following shapes: 

(a)~ (b) 

D 
345mm 5.86m 

(c) (d) 

Geometry 
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3.37 The Length of an Arc 

3-56 

An arc of a circle is a part, or fraction, of the circumference. The length of the 
arc is related to the angle that it subtends at the circle's centre; the larger the 
angle, the longer the arc. This is illustrated below. 

Al----=1::,::811'::___...J B 

180 Arc.AB= -xC 
360 
1 

=-C 
2 

B 

60 Arc.AB= -xC 
360 
1 

= -c 
6 

A 

e 
Arc AB= -xC 

360 

Each _arc length can be found by calculating a fraction of the circle's 
circumference whose formula we know from section 3.36; C = :n:d. 

,. 
Finding arc length if the angle is giv_en in degrees 

C,;\ 
~ 
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Finding arc length if the angle is given in radians 

In the case of the sector angle being given in radians, the fraction of the 

circumference is given in terms of 2TT instead of 360' 

e 
AB=-XC 

2;. 

e = -x:n;d 
2;. 

e 
= -x2.r 

2;. 

= er 

So, when the angle is in radians, the arc length is simply the product of the 
radius and the sector angle. 

3-57 -



(' .· 

Geometry .. 

3-58 

1. Find, correct to 3 significant figures, the arc length in each diagram: 

2 

(a) A 

(c) 

(b) 

(d) 

A 1------
4.61 

(a) If the length of a circular arc is 3.5cm and the sector angle is Sef, find 
the radius of the circle. 

(b) What angle of sector, in radians, would give an arc length of 10cm in a 
circle whose diameter is 36cm? 

3. What length of belt is in contact with the pulleys shown in this diagram 
given the larger wheel has a diameter of 40 cm and the smaller wheel has 
a diameter of 30 cm? 

I 
I 

2oo"~ 

\ 

C, 
; 

Fr, u 
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3.4 Trigonometry 

What is trigonometry? 

Trigonometry is a branch of mathematics which deals with the measurement 
of triangles. In particular, studying this section will show you how to 
calculate sides and angles of right-angled triangles. 

Trigonometry has special uses in calculations for surveying and navigation 
but, as you will see, it also has applications in engineering. 

3.41 Right-angled triangles 

Before solving any right-angled triangles for unknown sides or angles there· 
are a few basic skills you need to learn. 

Naming sides 

You may recall from section 3.24, the longest side of any right-angled 
triangle is always opposite the right-angle. This side is called the 
hypotenuse. 

The two smaller, perpendicular sides, are named relative to one of the 
angles. Figure 31 shows a right-angled triangle ABC with its sides named 
relative to the angle A. Figure 32. shows the same triangle with its sides 
named relative to the angle B. 

B B 

opposite adjacent 

figure 31 figure 32 

Notice how, in each case, the opposite side faces the angle while the adjacent 
side forms one side of, or touches, the angle. 

In future we will shorten the names hypotenuse, adjacent and opposite to 
hyp, adj and opp. 
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1. In each of the following diagrams one angle is marked. Name, relative to 
this angle, the side with the letter x : 

.r 

.r 

,.. 

The Tangent Ratio 

In section 3.25 you studied similar triangles. You may recall that if 
triangles are similar their sides are in the same ratio and their angles are 
identical. This is illustrated in figure 33. Note that in each of the similar 
triangles the ratio of the opposite side to the adjacent is equal to 0.5. 

~l 
1.5 

2 3 4 

figure 33 

() 

£'\, 
V 



~ Geometry 

Measure angle A with a protractor. · You can see that an angle of about Tl' 
0 has opposite and adjacent sides in the ratio of 0.5. Increasing this ratio will 

also increase the size of the angle A as shown in figure 34. 

(' 
\...I 

G 

® I' . 

5 

3 

~I 
2 3 4 

figure34 

Figure 34 shows the size of the angle A depends on the ratio of the opposit~ 
to adjacent sides. The greater the ratio, the larger the angle: 

• When the angle is 27° the ratio is ~ or 0.5 

1 
• When the angle is 45' the ratio is 1 or 1.0 

5 
• When the angle is 51° the ratio is 4 or 1.25' 

This ratio of opposite to adjacent, or op~, is called the tangent ratio. We 
ad; 

usually abbreviate the word tangent to tan, (as on your calculator), so the 
statement above could be written as: 

• tan21'= 0.5 • tan45°=1.0 • tan5f = 1.25 
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2 For each triangle, write down the value of tanA 

(a) 

A 

(c) 

A 

(e) 

A 

5 

(b) 

2.~ 

A 

(d) A 
3 

4 

(f) 

78 

A 
34 

3. Use your calculator to confirm the following: 

(a) tan20° = 0.364 (3S.F.) 

(c) tan53.6° = 1.36 (3S.F.) 

(e) tan75° 23' 38" = 3.84 (3.5.F.) 

(b) tan 40° = 0.0.839 (3S.F.) 

( d) tan 68° 30' = 2.54 (3SF.) 

(f) tan 90° has no value 

4. Use your calculator to confirm the following: 

(a) 5tan23° = 212 (3.S.F) 

2.7 
(c) 3.86 (3.S.F) 

tan35° 

(b) 82.7 tan 15.9° = 23.6 (3.S.F) 

( d) 
452 

224 (3.S.F) 
tan63° 40' 

r:>:. 
\;c;.i 
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Finding sides of a right triangle 

You now have the skills necessary to calculate unknown sides of right angle 
triangles using the tangent ratio. 

Consider the triangle in figure 35. 

We have: 

A= 6'L; opp = x ; adj = 5; 

Now: 

tanA = opp 
adj 

and substituting gives : 

tan62° = X 
5 

5tan6'J: = X 

x = 9.4(2S.F) 

A 

figure35 

You can use the tangent ratio and the teclurique shown above whenever you 
need to calculate the opposite side if the length of the adjacent is known. 

Calculating the adjacent side when the length of the opposite is known leads 
to a slightly different teclurique as illustrated in example 33. Take particular 
note of the step that leads to the third line of the solution. 

Example33 -> !C .•.· · 
Find-AC'.:·.:. 

A. 

. .. ·. opp< 
~.A•;.._'izdf,.· · . 

. . ·... . ·54· .· 
tan75~ = _:: ," .. 

. x .... ,.•. 
···,,_':54 ..... . 

. x=,---~ 
·. "·tm7s·:. · · 

X .,;,14:5 (3.5.F) _·. 
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5. In each triangle, find the value of the pronumeral correct to 2 significant 
figures: 

(a) (b) 

X 

t 

3 

(c) (d) d 

8 

,. . 

(e) (f) 

34.7 

y 

6. Calculate the value of x correct to 3 significant figures: 

(a) (b) (c) 

X X 

X 

237 0.032 

' A Q ~ 0 

7. In triangle ABC, AC=3.4m, A= 53 27' and C= 90. 
Sketch ·the triangle and find the lengths of BC and AB correct to 2 
significant figures. 

0 ' 

~ 
~ 
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The Sine Ratio 

The sine ratio compares the relationship between the opposite side and the 
hypotenuse of any right-angled triangle. Figure 36 shows three similar 
triangles. In each case the ratio of the opposite side to the hypotenuse is 

equal to 0.5 and the angle A is 3d' 

B 

2.......---11 
~ A . C 

figure 36 

1.5 2 

Increasing this ratio increases the size of the angle A as shown in figure 37. 

B 

- z/11.s 
A~ 

C 

figure 37 

B 

,, ;11.8 
A~c 

Figure 37shows the siZe of the angle A depends on the ratio of the opposite 
side to the hypotenuse. The greater the ratio, the larger the angle: 

• When the angle is 30° the ratio is .:!:. or 0.5 
2 

• When the angle is 49° the ratio is 
1

·
5 

or 0.75 
2 

• When the angle is 64° the ratio is l.S or 0. 9 
2 

This ratio of opposite to hypotenuse, or opp, is called the sine ratio. We 
ltyp 

usually abbreviate the word sine to sin, (pronounced sine), so the 
statements above could be written as: 

• sin30° = 0.5 • sin49° = 0.75 • sin64° = 0.9 
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8. For each triangle, write down the value of sinA 

(a) 

A 

(c) 

A 

(e) 

A 

(b) 

4 

(d) 

(f) 

3 
A 

4 

78 

A 
34 

9. Use your calculator to confirm the following: 

(a) sin60° = 0.866 (3S. F.) 

(c) sin8.6° = 0.150 (3 S. F.) 

(e) sin56° 43' 30" = 0.836 (3 S. F.) 

(b) sin 12° = 0.208 (3 S. F.) 

( d) sin 41° 30' = 0.663 (3 S. F .) 

(f) sin0° = 0 

10. Use your calculator to confirm the following: 

(a) 4sin68° = 3.71 (3 S.F.) 

(C) 25.8 ) -- = 31.9 (3 S.F. 
sin54° 

(b) 125.7 sin34.7° = 71.6 (3 S.F.) 

(d) 0.0
9 = 0.160 (3 S.F.) 

sin34° 2CY 

0 
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Finding sides of a right triangle using the sine ratio 

If you need to calculate the opposite side in a right-angled triangle and the 
. hypotenuse is known, the method is very similar to ~t used with the 
tangent ratio when the adjacent side is known .. 

Consider the triangle in figure 38. 

We have: 

A= 6'1:; 

Now: 

opp=x; hyp=S; 

sinA = opp 
hyp 

and substituting gives: 

sin62° = X 
5 

Ssin 6'Z = X 

x = 4.4 (2 S.F) 

A 

figure 38 

You can use the sine ratio and the technique shown above whenever you 
need to calculate the opposite side if the length of the hypotnuse is known. 

Calculating the hypotenuse when the length of the opposite is known is 
indicated in example 34. Note the step that leads to the third line of the 
solution. .., 

. . . 

Examplf!34 
. .. Find AB 

A 

··::--:-.-.'.:"/i-~\:,-,:. 

. . ·5c,1~ti~it · • : .. 

. . .. 

"· sinA-:;,,opp: 
... hyp 

.. ·. ·. > .. 54 
· ·· .. · sin75° .,:. - · · 

. X= 

. .X .. 
:_54 

sin'75° 
· · x ~ ss.Jf(3;S,F) 
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11. In each triangle, find the value of the pronumeral correct to 2 significant 
figures: 

(a) (b) 

7.5 

! 

(c) (d) 

8 

.,.. 

(e) (f) 

12.97 

12 Calculate the value of x correct to 3 significant figures: 

(a) (b) (c) 

8.50 

13. In triangle ABC, AB=45mm, A = 72" 4!Y and C = 9rf. 
Sketch the triangle and find the lengths of BC and AC correct to 2 
significant figures. 

X 

€\ 
~ 

0 
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The Cosine Ratio 

The cosine ratio compares the relationship between the adjacent side and the 
hypotenuse of any right-angled triangle. Figure 39 shay.rs three similar 
triangles. In each case the ratio of the adjacent side to the hypotenuse is 

equal to 0.5 and the angle A is 30° 

B 

B 

B 

A 2 C A. 1.5 A~C 

figure 39 

Increasing this ratio decreases the size of the angle A as shown in figure 40 

B 

B 

B 
4 

41 
A 2 C A 3 C A 

figure40 

Figure 40 shows the size of the angle A depends on the ratio of the ;i.djacent 
side to the hypotenuse. The greater the ratio, the smaller the angle: 

2 
• Vv'hen the angle is Go" the ratio is 4 or 05 

3 
• "\,\'hen the angle is 4f the ratio is 4 or 0.75 

3.5 
• When the angle is 29° the ratio is 4 or 0.875 

This ratio of adjacent to hypotenuse, or : , is called the cosine ratio. We 

usually abbreviate the word sine to cos, so the statements above could be 
written as: · 

• cos60° = 0.5 • cos41° = 0.75 • cos29° = 0.875 
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14. For each triangle, write down the value of cosA 

(a) 

A 

(c) 

A 

(e) 

3 

A 

(b) 

(d) 3 

4 

(f) 

78 

A 
34 

15. Use your calculator to confirm the following: 

(a) cos70° = 0.342 

(c) cos 16.8° = 0.957 (3 S.F.) 

(e) cos 23° 57' 32" = 0.914(3 S.F.) 

(b) cos78° = 0.208 (3 S. F.) 

(d) cos 46° 37' = 0.687 (3 S.F.) 

(f) cos O = 1.00 (3 S.F.) 

16. Use your calculator to confirm tlie following: 

(a) 7cos65° = 296 (3 S.F.) 

85.3 ( ) 
(c) = 145 3 S.F. 

cos540 

(b) 45.7 cos69.7° = 15.9 (3 S.F.) 

1245 
(d) = 1280 (3 S.F.) 

cos14° 20' 

C ' ' 

r;,,. 
~ 
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Geometry 

Finding sides of a right triangle using the cosine ratio 

If you need to calculate the adjacent side in a right-angled triangle and the 
hypotenuse is known, the method is very similar to that used with the 
sine ratio when the hypotenuse side is known.. 

Consider the triangle in figure 41. 

We have: 

A= 6'L; ad.j=x; hyp=5; 

Now: 
adj 

cosA=
hyp 

and substituting gives: 

cos.fd = X 
5 

Scos62' = x 
x = 2.3 (2 S.F) 

A 

figure 41 

You can use the cosine ratio and.the teclurique shown above whenever you 
need to calculate the adjacent side if the length of the hypotnuse is known. 

Calculating the hypotenuse when the length of the ..,.adjacent is known is 
indicated in example 35. Note the. step that leads to the third line of the 
solution. 

,Exa.II!pl,~ 35 : : . 
·.Find.AB. 

·A. : 

.Solution,•.· 

"- :{'"· · . 

·cosA~adf 
Jiw 

. i .. :54 · 
. ·c,;;,sl.S.o =-.. 

. . : ... x .• :··. 
· .. st.·· 

·. :.x= . . ·. cos 75"-C . 
x ,;; 209 (3.S.'.F) . 
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16. In each triangle, find the value of the pronumeral correct to 2 significant 
figures: 

(a) (b) 

7.5 

X 

(c) (d) 8 

(e) (f) 

y 

17. Calculate the value of x correct to 3 significant figures: 

(a) (b) . (c) 

8.5 

X 1.97 

18. In triangle ABC, AC= 4.7m, A= 52° 2CJ and C = 9rf. 
Sketch the triangle and find the lengths of BC and AB correct to 2 
significant figures. 

A u 
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3.42 The Inverse Trigonometric Functions 

Introduction 

In section 3.41 you studied the techniques for calculating the unknown 
lengths of sides in right-angled triangles. This was achieved by using one of 
the three trigonometric functions: tangent, sine or cosine. 

This section will show you the skills necessary to calculate an unknown 
angle in a right-angled triangle in which two sides are known. 

Inverse trigonometric functions 

Figure 42 shows a right-angled triangle in 
which the opposite side to the angle8 is 3 
units and the adjacent side is 4 units . 

From section 3.41 we know the ratio of 
opposite to adjacent sides is the tangent 

· of e so we can write: 

tane = opp 
adj 

Figure 42 · 

3 tane = -
4 

tane = o.75 

We need to be able to find the angle whose tangent is 0.75. 

The angle whose tangent is 0.75 is called the inverse tangent function and is 
written like this: 

e = tan-1 o.75 

Now find the angle e , whose tangent is 0.75, by using ~ on your 
calculator. On most calculators this involves using the shift or 2nd function 

keys too. You should confirm that 8 = 36.9° correct to one decimal place. 
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1. Use your calculator to confirm the following: 

(a) tm-1 0.5 = 26.b (b) tm -1 1.0 = 45' (c) tan -1 2.65 = 69.3° 

(d) sin-1 0.25 = 14.5° (e) sin-1 0.5 = 30° (f) sm -1 o.7821 = 51° 27' 

(g) cos-1 0.2 = 78.5' (h) cos-1 0.5 = 60° (i) cos-1 0.472= 61' 50' 

2 Use your calculator to confirm the following: 

3-74 

(a) tm-1 t = 29.1' (b) . -1 3.5 46 8' sm 4.8 = . (c) cos-1 0i6; = 63° 28' 

Calculating angles using inverse trig functions 

You can now find unknown angles in right-angled triangles. First, look at 
the triangle and decide if the data provided will enable you to use the 
tangent, sine or cosine ratios. Then substitute the data into the correct ratio 
and, finally, use the inverse trigonometric function on your calculator. This 
method is illustrated in the following worked examples. [Note that the third 
line of the solution does not require you to evaluate the fraction as a decimal]. 

Solution:: 

•.··~a,;:,·< 
· .. , .. }· ··:: .. =:§ 

· 12 '. .· .· 

a;; ,iis"'1 5 · 
. ·. ... · .. · 12. 

· .•. = 65.4' ·. (3Sf) ... ·. 

A \~:;;;: 

Cii 
~ 
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3. In each triangle find the pronumeral to the nearest degree: 

(a) (b) 

X 

5 
5 

(c) (d) 2.85 

4. In each triangle find the pronumeral to the nearest minute: 

(a) (b) 

205mm 

10m 184mm 

Geometry 
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Find the pronumeral in degrees correct to 3 significant figures: 

,_, 
\C<) 

(c) 

Ii 
/xi LJ2Mm 

1.7m 

(d) 

0.854m 

6. Find tlie pronumeral.in radians correct to 3 significant figures: 

(a) (b) 

34mm 
620cm 

X 

15mm 593cm 

(c) (d) 

0.32m 

I@ 
I 

I 
I 
I 

e:, 
~ 
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.. Geometry 

3.43 The Sine Rule 

Introduction 

The methods used so far in trigonometry require that the triangle is right
angled. But many problems that occur in real life, particularly in 
engineering applications, do not contain triangles that are right-angled. For 
example, the side AB in figure 43 and the angle e in figure 44 cannot be found 
using the sine, cos or tan ratios. 

B 

4.5 

A 56° 

C A 

Figure 43 Figure 44 

This section introduces a method, known as the sine rule, which will enable 
you to solve these and related problems. 

The Sine Rule 

The diagram in figure 45 shows a non
right angled triangle labelled in the 
conventional way with small case letters 
on the sides and their corresponding 
capital letters in the opposite angles. . 

• .J 

C 

A /..-----'--~ C 

b 

Figure45 
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Figure 46 shows the same triangle with a 
perpendicular drawn from B. This line 

· divides the triangle into two right-angled 
triangles. We can now use the sine ratio 
in each of these triangles to find the 
height h 

• In triangle ABD: 

sinA = I!_ so h = csinA 
C 

• In triangle BCD: 

sinC = h so h = asinC 
a 

Now h is the same length in each triangle 
so: 

a sinC = csinA 

asinC csinA 

sinAsinC sinAsir/C 

a C 
--=--
sinA sinC 

B 

D 

Figure46 

C 

If you draw a perpendicular from C to AB you can also show that 
a b 

sinA sinB 

The sine rule states that 

Calculating the length of a side 

· Example,:;is: ... • ••... 

· · firid, /'in this triangle. 

·:B: 

3-78 

::.5o·, · •.. ·.• . 
. .. · .. ~utioµ: , .... , 

. >a: .·> ·."c•· · .o<· < 
SinA :::sine '. · · · • . 

· :45; ·,>>x .:. 
S . 56° . S. ...,,,. ·.. m: . ·: · ... ·· .zn.,p :· · 

·is'sm78" ··: · · .. 
. . . . . . · •.x •:·· .-::'• ,., 

.Sm.So.: .. :. 
· x·;,;5,3> 

A 
~ 
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1. Find the value of x in each of the following diagrams: 

(a) 

(b) 

(c) 

(d) 

Geometry 

X 

35 

460 

X 
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Calculating an angle 

To find an angle in a non-right angled triangle you can use the sine rule. 
But, as illustrated in the following worked example, it is easier to first 
reciprocate (tum-upside down) the rule. 

2. Find the value of e in each of the following diagrams: 
,.. 

(a) 

18 120 

e 
36 

(b) 

e 
30 

(c) 

p,, 
\c:) 

€ell. 
V 
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3.44 The Cosine Rule 

Introduction 

Can you find the values of x and e in figures 47 and 48? . 
B 

X 

A 

Figure47 Figure 48 

It doesn't take long to realise that the sine rule will not help us solve either 
of these two examples. This section introduces a method, known as the 
cosine rule, which overcomes this problem. 

The Cosine Rule 

The diagram in figure 49 shows a non
right angled triangle labelled in the 
conventional way with small case letters 
on the sides and their corresponding 
capital letters in the opposite angles. 

The cosine rule for this triangle states: 

a 2 = b2 +c2 -2bcCosA 

Finding a side 

C 

b 

Figure 49 

C 

You can use the cosine rule to find an unknown side in a non-right angled 
triangle when two sides and the included angle are given. This is illustrated 
in the following example: 

• Examp,~·40:/ .. · · SoliitioJi:. ; ·. · 

• . Find .x intlus triangle 
••. 13. . 

· .X= 6.56 

3-81 



1. Find the value of x in each of the following diagrams: 

(a) 

( (b) 

,.. 

(c) 

(d) 

3-82 

120 13.6 

X 

A. 
\2:/ 

A 
~ 
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Finding an angle 

If you know three sides in a non-right angled triangle you can use the cosine 
rule to calculate an angle. First make the cosine of the !lilgle the subject of 
the formula as shown below: 

a2 = b2 +c2 -2bc cosA 
bz +c2 -a2 

cosA 
2bc 

2. Find the value of e in each of the following diagrams: 

(a) 

15 

(b) 

18 

e 
16 

45.6 

32.5 
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(c) 

( 

3-84 

425 

(J 350 

l'T°',. 
\.:,) 

t'!!'.) 
~ 
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.. Geometry 

a) Complete: 

(i) An obtuse angle lies between ........... 
0 

and ............ 
0

• 

(ii) There are ............ 
0 

on a straight line. 

(iii) Complementary angles sum to ......... 
0

• 

(iv) The supplement of 65° is ............ 
0 

b) 
(i) Convert 1.5 radians to degrees and minutes. 

(ii) Express 100° in radians correct to 3 significant figures. 

(iii) Convert 3n; radians to degrees. 
2 

(iv) Express 60° in radians in terms of n. 

c) 
(i) Alternate angles between parallel lines are ......................... . 

( ii) Cointerior angles are ....................... . 

(iii) Find the size of the pronumerals in each of the following diagrams: 

(a) (b) 
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a) Find the pronumeral in each diagram: 

(i) (ii) 

(iii) (iv) 

b) Find the value of the pronumeral in these right-angled triangles: 
... 

(i) 

2.6m 

c) Find the area of each triangle: 

(i) 

(ii) 

m 

135m 

(ii) 

d) The following triangles are not drawn to scale but ~A= ~B and M Ill 6.C 
Find the values of x and y 

A~ 
- 25 

. . 4()° 
26 

A 
V 

0 
\;;;;,'' 

tf!i"'i, 
~ 
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a) Find the values ofe 

0 

123 

b) Calculate the area and-perimeter 

4.2m 

5.6m 

c) Find the values of x and y 

d) The diagram shows a circle of radius 5 metres with tangents PA and PB 
drawn from a point P 8 metres from the centre 0. Calculate the length of 
PB and the minor arc BC 

~ _j · •• --

.. 3 87 
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a) Use your calculator to find, correct to 4 significant figures, the value of: 

3-88 

(i) sin40° 

(iii) cos28° 35' 

(ii) tan 67.31° 

(iv) sin 134° 15' 

(vi) tan-1 3.52 

b) Find the pronumeral in each diagram: 

(i) 

6.5 

45.8mm 

,._ 

(iii) 

R 
V 
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,• •• .:_:.:"<.;;; ,~.,• "" • A -'" 

tReview:3;'; . . ., :~:;\'i:;.:<' · -
~::; f:-: ",::•(' :/.·_,." ... :_,_. c .·. _ · f[i;~o ,;;•{L c•f::t,liJ;:~~;; ·:;.;.,;if !:~~~~f :~J1.~j;~,,.: 
1 Find an estimate for each of the following, and then use a calculator to 

evaluate each one (correct to 3 significant figures). 

2 

(a)-J35. 75 - 3.612 (b) 
5

·
321 + 1.

668 
3.542-1.943 

(c) 13.1
2

x-Js.3 
10.34- 5.05 X 1.65 

(e) ~9.78 X 106 

(d) 4.36 X 103 

9.05x10·1 . 

(f) Vl.87 X 3.8983 
7.982 

(a) Express the number 56080000 in: 
(i) scientific notation (ii) engineering notation 

(b) Express the number 0.0000000978 in: 
(i) scientific notation (ii) engineering notation 

(c) Write 98.3 x 10...s as a decimal number. 
(d) Write 6.83 x 104 as a decimal number. 

3 Convert 
(a) 581.6g to kilograms (b) 3567 µ s to seconds 

(c) 95.2 x 103mA to amperes (d) 15 x 10-3 lan2 to m 2 

(e) 3.6ms-1 tokilometresperhoux 

4 A measurement has a recorded value of 13.67 A Find: 
(a) The maximum probable error (MPE). 
(b) The maximum percentage error. 

5 Simplify (leave answers as a suxd where applicable). 

(a) (3-,/2)2 (b) -,J2 X -./5 (c) ../8 
-,J2 

(d) V64 (e) (.J6 + 3)(./6 - 3) (f) (3 --./5)(5 + -./5) 
2-,/2 

1-17 
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Algebra 

Simplify: 
(a)3.r2y+ 2y2x +x2y 

(c)(9a+ 6a)+3 

I 

(e)v·)i 

(b )-3.r{x + 1)+ 3.r2 

(d)18ac2 +6ac 

(h)3r2 x4r3 

2. Expand and simplify where possible: . 
(a)2x2 {3.r-2) (b){2v-3)(3v2 + 7v-2) 

(c)(3R-4)2 

3. Express as one term: 

( ) 
5.r 3.r 

a-+-
2 2 

2 5 
(c)-+-

3.r 6.r 

4. Solve the equation: 
(a)2.r+3=15 

(c)5.r-4 =6 
6 

5. Factorise: 
(a)3a2c-6ab 

(c).r2 +7.r+10 

(d)(5x+3y)(5x-3y) 

3 X 
(b)-x-

4.r 6y 

(b)4(2-.r)= 3-2(2+3.r) 

(dlx+4 5.r-4 2(.r-2) + 6 
2 4 3 

(b).r2 -9 

(d)2.r2 -x-3 

6. (a) Given I = v , find vwhen I= 4.1 x 10-3
, R1 = 80 and Ri = 3.4. 

R, +Ri 
IR 

(b) Make R the subject of 11 = - 2 
-

R+r 
v 2R 

(c) GtvenP= 1 
2 

,findvwhenP=I0,R1 =2.5xl0-3 and Ri =50. 
(RI +R2) 
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Activity 3.11 

1 (a) 90 (b) Straight (c) 90 . (d)130 

(e) acute . (f) 180 

2 (a) 52 (b) 44 (c) 28 (d) 126 

(a) 161° 16 ' (b) 75' 33' 42" (c) 142° sr 3" (d) 66° 1r 43" 3 

(' 4 (a) 26° (b) 122° 37' (c) 25' 2rY (d) 51° 3rY 
v 

(e) 48° 2rY 

5 
n: 

(a) 180 
(b) 180 

n: 
(c) 57° 

6 
n: n: n: n: 2n: 3n: Sn: 

o-----n:--2n:3n: 
' 6' 4' 3' 2' 3 ' ' 2 ' 3 ' ' 

7 (a) 171° 53' 14" (b) 94° 32' 17" (c) 102° ~ 36" 

Activity 3.12 

,{··· 
1 (a) 56° (b) 106° (c) 137° (d) 104° 

·L 

2 (a) 57° (b) 140° (c) 133° 3rY (d) 75' 

Activity 3.21 

1 (a) 96° (b) 13.2° (c) 82° 5rY (d)x=30° 

2 15' 12' 

3 t = 95' ; s = 53° ; k + s = 85° 
(The exterior angle is the sum of the opposite interior angles). 
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Activity 3.22 

1 (a) 7:, (b) 110° 

2 (a) BAC = 52° 30' ;ACB = 52° 30' 

(c) XYZ = YZX = 45" 

3 (a) a = 107° ;{:J = 36' 30' 

Activity 3.23 

1 (a) RHS (b)SAS 

2 (a) Yes; ASA (b) No 

3 (a) and (d) 

Activity 3.24 

· 1 (a) 2.65 

2 10.6 m 

3 232= 

4 5.78 crri 

5 2.87m 

6 (i) 4.0 N 

7 (i) 13 Q 

Activity 3.25 

,. (b) 40.9 

(ii) 36.7 N 

(ii) 800 Q 

(c) 120° (d) 76° 

""' 0 ,.. 0 

(b) PQR = 56 ;QPR= 68 
A 0 

(d)EFD=60 ;DF=3cm 

(b) X = 60° ;y = 30° ;z= 7:, 

(c) 55.S (d)ASA 

(c) 91.6 (d) 1.20 

1 (a) "in the same ratio" (b) R = i; PR = XZ (c) A=F; HK=BC 

(.d) 7.5 

3-90 

2 (a) 7.1cm 

(e) 173mm 

(b)29m 

(f)5.625cm 

(c)23 

0, "'j 

&'!, 
~ 
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Activity 3.26 

1 (a) 8.58cm 2 

2 (a) 916cm 2 

Activity 3.31 

(b) 13.6m2 

(b) 22m2' 

(c) 0.189m2 (d) 446m 2 

1 (a) equal ; parallel · 

(d) trapezium 

(b) square (c) square; rhombus 

(e) parallelogram 

2 (a) 3 

(e) 3 

Activity 3.32 

1 (a) A= lh 

(b) 420 

(f) 47; 78° 

(b) P= 4s 

(c) 45' (d) 3.8; 45' 

(c) square 

2 (a) A= 24; P= 20 

(c) A= 1682cm 2; P = 164cm 

(b) A= 179400mm2 ; P = 2020mm 

(d) A=216333mm2 ; P=1921mm 

(e) A=1990; P=188 ., 

Activity 3.33 

1 (a) a = 90° f3 = 55° 

(e) a= 90° 

(b) a =79° (c) a= 32° (d) a =77° 

(f) a = 68° fl = 124° 

2 (a) supplementary (b) are equal 
(c) equals the angle in the opposite segment 

3 (a) a = 90° f3 = 45° (b) x = 74° y = z = 53° 

(d) a =/3 =8 =70° ;li = 40° (e) X= 90° ;y =45° 

(c) p = q = 61° 

(£) T = 145' 
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Geometry .. 
Activity 3.34 

1 (a)4.58cm (b) 6.06m (c)308mm (d)0.517m 

.2 (a) 1.43m (b) 49mm (c) Sm 

Activity 3.35 

1 (a) 28.3cm (b) 55'> (c)2.95cm (d) 0.517m 

2 29.2cm 

Activity 3.34 

1 (a)A=6360cm2;C=2S3cm 

(c) A= 4.19x 106 mm2 ; C = 7260mm 

(b) A= 7.35m 2; C = 9.61m 

(d)A=121m2; C=3.90m 

2 (a) A= 27.0m 2; P = 15.lm 

(c)A= 46~2 ;P=2140cm 

Activity 3.35 

1 (a) 11.5cm (b) 2.83m 

2 (a)4cm (b) 0.55 rads 

3 112cm 

Activity 3.41 

1 (a) opposite (b) hypotenuse 

5 (b) 25 2 (a) -
2 6 

6 (f) 78 (e) -
25 34 

5 (a) 5.2 (b) 4.6 
(e) 2.2 (f) 17 

6 (a) 293 · (b) 3.20 

7 BC=4.6m AB=5.7m 

3-92 

(b) A= 93500mm2 ; P = 1230mm 

(d) A=25.lm2; P= 25.lm 

(c)llOOOmm (d) 753cm 

(c) adjacent (d) adjacent 

(c) Ci.OS 
0.32 

(d) i 
3 

(c) 17 (d) 2.3 

(c) 0:0567 

() 

® 

. 0 



.. Geometry 

4 (b) 25 (c) 0.75 (d) 4 
0 8 (a) -

5 8 1.50 5 
6 (f) 78 (e) -

6.5 85 

11 (a)52 (b) 4.3 (c) % (d) 8.3 
(e) 25 (f) 14 

12 (a) 407 (b) 7.69 (c) 0.681 

13 BC= 43 mm; AC= 13 mm 

14 
3 

(a) 5 (b) ~ 
8 

(c) 1.25 
1.50 

(d) 3 
5 

(e) 25 34 
(f) 85 6.5 

(,. . 

16 (a) 3.0 (b) 6.1 (c) 51 (d)29 
(e) 50 (f) 5.8 

17 (a) 249 (b) 3.62 (c) 4.01 

18 BC= 6.6m; AB = 7.7m 

Activity 3.42 

3 (a) 68° (b) 53° (c) 44° (d) 41° 

4 (a) 24° 37' (b) 48° s 

,·· .. · 5 (a) 39.8° (b) 329° (c) 35.6° (d) 31._5° 

G . 

6 (a) 0.441 (b) 0.296 (c) 0.954 (d) 0.621 

Activity 3.43 

1 (a) 14.7 (b) 20.2 (c) 363 (d) 4.2 

2 (a) 26° (b) 46" (c) 70° 

Activity 3.44 

1 (a) 12.9 (b) 24.3 (c) 284 (d) 2.2 

2 (a) 52° (b) 92° (c) 84° 

·D .. 
. . 
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GeoJI.le!ry 

Review 

1 (a) 
(i) 90; 180 (ii) 180 (iii) 90 

(b) 

(i) 85' 57' (ii) 1.75 (iii) 270° 

(c) 
(i) equal (ii) supplementary 

(iii) a= 115° ;fl= 65' ;q, = e = 48° 

2 (a) 

(i) 52° 

(b) 
(i) 3.67m 

(c) 

(i) 14gin2 

( d) X ;,, 25 i y = 37.5 

3 (a) e = 57° 

(c) X =36° i y =54° 

4 (a) 
(i) 0.6428 

(b) 

(i) 46° 

(ii) 24° 2Z (iii) 50° SO' 

(ii) 371mm 

(ii) 34cm2 

(b) A= 35.8m2
; P = 228m 

(d) PB= ./39; BC=3.Sm 

(ii) 2.392 (iii) 0.8781 

(ii) 24.6mm (iii) 42°38' 

(iv) 115 

(iv) t 

(iv) 18° 

(iv) 0.2588 

0 \:.) 

£llf. 
V' 


